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SUMMARY 
Results are presented f o r  an a n a l y s i s  of t h e  response of long, f l e x i b l e  
can t i l eve r  beams t o  applied r o o t  r o t a t i o n a l  acce le ra t ions .  Maximum values of 
deformation, slope,  bending moment, and shear are found as a function of 
magnitude and du ra t ion  of acce le ra t ion  input.  
e c c e n t r i c i t y  and r o t a t o r y  i n e r t i a  on t h e  response are a l s o  inves t iga ted .  
It is shown t h a t  f l e x i b l e  beams can withstand l a r g e  r o o t  acce le ra t ions  pro- 
vided t h e  period of applied acce le ra t ion  can be kept small relative to  t h e  
beam fundamental period. 
E f f e c t s  of t i p  mass and i t s  
INTRODUCTION 
I n  t h e  design of l a r g e  space s t r u c t u r e s ,  i t  is  necessary t o  understand 
t h e  dynamic response of f l e x i b l e ,  low-frequency s t r u c t u r e s .  A t y p i c a l  design 
problem is  shown i n  f i g u r e  1, where a 100-meter beam is deployed from t h e  
space s h u t t l e  o r b i t e r  f o r  a proposed molecular vacuum f a c i l i t y .  
a l ightweight boom requ i r e s  a knoyledge of t he  motion caused by input accel- 
e r a t i o n s  produced by c o n t r o l  fo rces  applied a t  t h e  s h u t t l e  o r b i t e r .  
t i o n  of t hese  con t ro l  f o r c e s  is  a s m a l l  f r a c t i o n  of t h e  f i r s t  na tu ra l  period 
of the  boom. The purpose of t h i s  paper is  t o  present r e s u l t s  of an  ana lys i s  
of l igh tweight  f l e x i b l e  booms t o  short-duration a c c e l e r a t i o n  impulses and t o  
f ind  t h e  permissible va lues  of these  input  acce le ra t ions .  E f fec t s  of t i p  
mass magnitude, e c c e n t r i c i t y ,  and r o t a t o r y  i n e r t i a  are included i n  t h e  ana lys i s .  
The design of 
The dura- 
DESCRIPTION OF ANALYSIS 
The conf igura t ion  analyzed i n  t h i s  paper is t h e  can t i l eve r  beam shown i n  
f i g u r e  2. The beam of l eng th  L, depth D,  s t i f f n e s s  E I ,  and m a s s  p e r  u n i t  
l ength  p has a t i p  m a s s  'Fr with  a r o t a t o r y  i n e r t i a  IM and an  e c c e n t r i c i t y  
B. The ana lys i s  considers a cons tan t  r o t a t i o n a l  input acce le ra t ion  A which 
is  applied f o r  a time To and i s  then removed. The du ra t ion  of input 
varies over t h e  range from an impulsive input (To + 0) t o  a s t e p  input  
(To -+ a). 
given by t h e  r a t i o  TO/T where T i s  t h e  period of t h e  f i r s t  n a t u r a l  f r e -  
quency of t h e  can t i l eve r  beam. 
va lues  of T /T is of main i n t e r e s t .  
TO 
A nondimensional measure of t h e  du ra t ion  of input acce le ra t ion  is 




Simple beam theory is used t o  obta in  t h e  d i f f e r e n t i a l  equation of motion 
E1 a 4 Y(X,t) ax 4 + ~ ~ + x ~ ~ ] = o  a t  (1) 
where e ( t )  is  t h e  r i g i d  body r o t a t i o n  and Y(X,t) is t h e  elastic deformation 
of t h e  r o t a t i n g  beam. The d e f l e c t i o n  Y(X,t) s a t i s f i e s  t h e  boundary conditions 
d2e 2 a Y(L,t) + 3 a Y(L’t) + E (B + L) 7 + [ d t  a t 2  ax a t 2  - E1 ax3 
l 
ax a t 2  
2 d2e 2 
ax2 
a Y(L,t) + BG (B + L) 2 - k  [ d t  a t 2  
] = o  
E1 
a t  
and t h e  i n i t i a l  conditions 
Y(X,O) = 0 
The r i g i d  body r o t a t i o n  i s  given by 
8 = -  A t 2  f o r  O < t < T o  
and 
f o r  t > To 1 2 0  e =  AT^ ( t  - --T 
I 
} ( 3 )  
} ( 4 )  
I n  t h e  ana lys i s  t h e  elastic deformation Y(X,t) i s  given by 
co 
where 
are generalized coordinates.  Resul t s  are obtained f o r  elastic beam d e f l e c t i o n  
Y(X,t>, s lope  
+,(X) are t h e  beam v i b r a t i o n  modes f o r  t h e  can t i l eve r  beam and a n ( t )  
ax t, , bending moment M(X, t )  , and shear r e s u l t a n t  Q(X, t) 
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Modal equat ions f o r  t hese  responses were programed on a d i g i t a l  computer and 
t h e  maximum va lue  of each w a s  found a t  s e v e r a l  s t a t i o n s  along t h e  beam. 
RESULTS AM) DISCUSSION 
The number of modes required f o r  convergence is indica ted  i n  f i g u r e  3 f o r  
a beam without a t i p  m a s s  subjected t o  inpu t  r o t a t i o n a l  acce le ra t ions  wi th  a 
l a r g e  enough variation of input  du ra t ions  t o  inc lude  a l l  p o s s i b l e  types of 
responses.  
t i p  m a s s  conf Igura t ions .  
s i o n a l  response parameters f o r  t he  d e f l e c t i o n  YT and s lope  aYT/aX a t  t h e  
beam t i p  and f o r  bending moment Mo and shear  r e s u l t a n t  Qb a t  t h e  beam r o o t .  
Accurate ca l cu la t ions  of t h e s e  response parameters are obtained by using only 
one mode f o r  t i p  d e f l e c t i o n ,  two modes f o r  t i p  s lope ,  and f i v e  modes f o r  r o o t  
bending moment and shear  r e s u l t a n t .  A six-mode s o l u t i o n  i s  used he re in  as a 
completely converged s tandard of comparison. 
Although notshown, s i m i l a r  curves  have been es tab l i shed  f o r  o the r  
These curves g i v e  t h e  maximum va lues  of nondimen- 
The curves of f i g u r e  3 ,  showing t h e  e f f e c t s  of du ra t ion  of acce le ra t ion  
input ,  can be divided i n t o  two reg ions  of response types.  For short-durat ion 
inputs  (To/T < 0.5) t h e  maximum responses always occur a f t e r  t h e  inpu t  r o o t  
acce le ra t ion  has  been removed. 
maximum responses  always occur while  t h e  input  a c c e l e r a t i o n  is being appl ied 
and approach t h e  va lues  f o r  a s t e p  input  (T /T -+ a) which have t h e  values  of 
two times t h e  va lues  f o r  t h e  quas i - s t a t i c  s o l u t i o n  f o r  r i g i d  body i n e r t i a  
loading. The near ly  h o r i z o n t a l  curves  f o r  TO/T > 0.5 show t h a t  i n  t h i s  
reg ion  t h e  maximum values  of beam responses cirn b e  ca l cu la t ed  by u s e  of t h e  
simple quasi-s ta  t i c  so lu t ion .  
For long-duration inpu t s  (TO/T > 0.5) t h e  
0 
When t h e  nondimensional parameters of f i g u r e  3 are used, t h e  r e s u l t s  f o r  
near ly  impulsive input  a c c e l e r a t i o n  (T /T -+ 0) are a l l  compressed near t h e  
o r ig in .  Inputs  i n  t h i s  reg ion  are of p a r t i c u l a r  i n t e r e s t  s i n c e  t y p i c a l  c o n t r o l  
i npu t s  are f o r  sho r t  intervals of t ime while  space booms have long periods.  
To overcome t h i s  d i f f i c u l t y ,  t h e  r e s u l t s  of f i g u r e  3 are repea ted  i n  f i g u r e  4 
by using a d i f f e r e n t  set of nondimensional parameters. These parameters have 
f i n i t e  nonzero values f o r  t h e  pure impulse and are i n  agreement wi th  calcu- 
l a t e d  va lues  from re fe rence  1, which cons iders  t h e  instantaneous arrest of a 
r o t a t i n g  c a n t i l e v e r  beam. These response parameters t h a t  have input  accelera-  
t i o n  impulse (T A) i n  t h e i r  nondimensionalizations , f o r  short-dvrat ion inpu t s  
(TO/T < 0.5) ,  do not  have t h e  l a r g e  v a r i a t i o n  wi th  t h a t  is obtained by 
using t h e  response parameters of f i g u r e  3 .  For t h i s  reason,  the nondimensional 




Ef fec t  of t i p  mass on maximum response is  shown i n  f i g u r e  5 f o r  a pure 
impulsive input  (TO/T + 0) and f o r  a short-durat ion input  (TO/T = 0.1). 
are shown f o r  t h e  nondimensional parameters f o r  elastic t i p  d e f l e c t i o n  and 
r o o t  bending moment. For s h o r t  du ra t ion  of input  acce le ra t ion ,  t h e  e f f e c t  of 
du ra t ion  has very  l i t t le  e f f e c t  on t h e  e l a s t i c  t i p  d e f l e c t i o n  curve but  has 
some e f f e c t  on t h e  r o o t  bending-moment curve. Note t h a t  e f f e c t s  of t i p  mass 
are included not only i n  t h e  t i p  m a s s  parameter (%/pL) bu t  a l s o  i n  the per iod 
T. Even though t h e  nondimensional response is  shown t o  decrease  with t i p  m a s s ,  
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Curves 
t he  physical q u a n t i t i e s  increase  as expected. For example, f o r  a t i p  mass 
equal t o  thebeam m a s s ,  t he  r o o t  bending moment increases  75 percent and t h e  
t i p  d e f l e c t i o n  100 percent. 
E f fec t s  of t i p  mass e c c e n t r i c i t y  and r o t a t o r y  i n e r t i a  are shown i n  
f i g u r e  6 f o r  a pure impulse (TO/T -f 0) and f o r  a s h o r t  du ra t ion  of input  
(TO/T = 0.1). 
shown as func t ions  of r o t a t o r y  inertja 
B/L 
i n e r t i a  and e c c e n t r i c i t y  a l s o  appear i n  two p a r t s  of t h i s  f i gu re ;  f i r s t ,  i n  
t h e  parameters I M / E L ~  and B/L and, second, i n  the  period T which is used 
i n  nondimensionalizing t h e  response parameters. Again, f o r  short-duration 
inputs ,  the  elastic t i p  d e f l e c t i o n  parameter is only s l i g h t l y  a f f ec t ed  by 
du ra t ion  of input  but t h e  r o o t  bending-moment parameter decreases appreciably 
with an  increase  i n  TO/T. 
l a t e d  va lues  of response, curves can be obtained t o  g ive  maximum permissible 
input acce le ra t ion  as a func t ion  of s t r u c t u r a l  parameters. For example, i f  
l i m i t i n g  va lues  are assigned t o  t h e  maximum bending s t r a i n  E a t  t h e  root  of 
a can t i l eve r  w i th  a symmetrical c ros s  sec t ion ,  t h e  curves of f i g u r e  7 are 
obtained which g ive  permissible nondimensional input acce le ra t ion  TTOA as a 
func t ion  of span t o  depth L/D. The E = 0.003 and 0.005 curves bound va lues  
of l i m i t i n g  bending s t r a i n  t h a t  are appropr ia te  f o r  most i s o t r o p i c  and compos- 
i t e  materials while t he  E = 8.001 
l i m i t i n g  bending s t r a i n  t h a t  has been reduced t o  take i n t o  account e f f e c t s  such 
as buckling. The curves,  shown f o r  no t i p  mass, show t h a t  f o r  given va lues  of 
L/D and E, a s l i g h t l y  higher va lue  of impulse T A is permitted i f  t h e  
impulse i s  applied over a longer du ra t ion  of t i m e  . 
H e r e  nondimensional t i p  d e f l e c t i o n  and r o o t  bending moment are 
I M / E L ~  f o r  two va lues  of e c c e n t r i c i t y  
which are chosen as rep resen ta t ive  extreme values.  E f f e c t s  of r o t a t o r y  
When a l i m i t i n g  design o r  maximum va lue  i s  assigned t o  any of t h e  calcu- 
curve represents  a p r a c t i c a l  va lue  of 
OTO 
Sample curves wi th  physical u n i t s  are given i n  f i g u r e  8 f o r  determining 
permissible input  acce le ra t ion  A .  
t i p  mass and f o r  t h e  reduced l i m i t i n g  s t r a i n  condition (E = 0.001). The curves 
show t h e  v a r i a t i o n  of permissible input r o t a t i o n a l  acce le ra t ion  with the  lowest 
n a t u r a l  frequency (l/T) and t h e  span-to-depth r a t i o  L/D f o r  two va lues  of 
input dura t ion  TO/T. The T /T = 0.5 va lue  r ep resen t s  t h e  most severe  case 
where t h e  response approaches t h a t  of t h e  s t e p  input and t h e  beam behavior can 
be estimated from a simple quas i - s t a t i c  so lu t ion .  The To/T = 0.001 va lue  
represents  a nea r ly  impulsive input .  A s  t h e  dura t ion  of input decreases,  t h e  
permissible magnitude of input  r o t a t i o n a l  acce le ra t ion  increases .  A s  i l l u s -  
t r a t e d  i n  f i g u r e  8, a hundred-fold increase  i n  permissible acce le ra t ion  can be 
achieved by applying very short-duration inputs .  
These curves are shown f o r  a beam with no 
0 
CONCLUDING REMARKS 
A modal s o l u t i o n  has been obtained t o  study t h e  response of long, f l e x i b l e  
can t i l eve r  beams t o  applied va lues  of r o o t  r o t a t i o n a l  acce lera t ion .  E f f e c t s  of 
t i p  m a s s  with var ious  e c c e n t r i c i t i e s  and r o t a t o r y  i n e r t i a s  have been included. 
Results w e r e  obtained f o r  du ra t ion  of input t h a t  cover t h e  range from near- 
impulsive t o  t h e  s t e p  function. 
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A set  of nondimensional parameters has been 
i d e n t i f i e d  t h a t  f a  near-impulsive type 
of input acce lera t ions .  than half the 
period of t h e  f i r s t  na tur  m response i s  
nea r ly  equal t o  t h a t  t o  be t w i c e  t h e  
response given by sim d body i n e r t i a  
loading. Examples ar Its t o  t h e  problem 
of determining max ues of maximum 
s t r a i n  are not exc i b l e  booms can 
experience high roo t  ng l a r g e  s t r a i n s  
provided t h e  du ra t ion  a l l  f r a c t i o n  of 
t h e  period of t he  f i r s  
1. Stowell, Elbridge Z. ;  Schwartz, Edward B.; and Houbolt, John C.: Bending 
and Shear S t r e s ses  Developed by t h e  Instantaneous Arrest of t he  Root of 
a Cantilever Beam Rotating With Constant Angular Velocity About a 
Transverse Axis Through t h e  Root. NACA W a r t i m e  Report L-27 (ARR 
No. L5E25) 1945. 
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Figure 3.  E f f e c t  of du ra t ion  (T /T) of input  r o t a t i o n a l  a c c e l e r a t i o n  
maximum response.' NO t i p  m a s s  ( M / ~ L  = 01. 
MAXIMUM 
RESPONSE 








Figure  4 .  Response parameters appropr i a t e  f o r  nea r ly  impulsive input  
a c c e l e r a t i o n  (T'/T -t 0 ) .  NO t i p  m a s s  (MIPL = 0 ) .  
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Figure 5. E f fec t  of t i p  m a s s  (E/pL) on maximum response of beam. 
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Figure 6. E f f e c t s  of e c c e n t r i c i t y  (B/L) and r o t a t o r y  i n e r t i a  (IM/E2) of 
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Figure 7. Nondimensional parameter (TT A) f o r  permissible r o o t  r o t a t i o n a l  
acce le ra t ion .  O M / ~ L  = 0. 
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Figure 8. Permissible r o o t  r o t a t i o n a l  acce le ra t ion .  e / p L  = 0 ,  E = 0.001. 
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